We study the possibility for branching random walks in random environment (BR-WRE) to survive. The particles perform simple symmetric random walks on the d-dimensional integer lattice, while at each time unit, they split into independent copies according to time-space i.i.d. offspring distributions. As noted by Comets and Yoshida, the BRWRE is naturally associated with the directed polymers in random environment (DPRE), for which the quantity Ψ called the free energy is well studied. Comets and Yoshida proved that there is no survival when Ψ < 0 and that survival is possible when Ψ > 0. We proved here that, except for degenerate cases, the BRWRE always die when Ψ = 0. This solves a conjecture of Comets and Yoshida.
Introduction

Branching random walks in random environment
Let us introduce the model. We write N = {0, 1, 2, . . . } and N * = {1, 2, . . . }. To each (t, x) ∈ N×Z d , we associate a distribution q t,x = (q t,x (k)) k∈N on the integers; the family q = (q t,x ) t∈N,x∈Z d is called an environment. We denote by Λ = P(N) N×Z d the space of environments, where P(N) is the set of distributions on N.
Given an environment q = (q t,x ) t∈N,x∈Z d ∈ Λ, we define the branching random walk in environment q as the following dynamics:
• At time t = 0, there is one particle at the origin x = 0.
• Each particle, located at site x ∈ Z d at time t, jumps at time t + 1 to one of the 2d neighbors of x chosen uniformly; upon arrival, it dies and is replaced by k new particles with probability q t,x (k). The number of newborn particles is independent of the jump, and all these variables, indexed by the full population at time t, are independent.
Take a random q, we obtain a branching random walk in random environment (BRWRE). We assume here that q = (q t,x ) t∈N,x∈Z d is a P(N)-valued i.i.d. sequence with common distribution γ and we denote by P γ the annealed law of the branching random walk in this random environment. We also note E γ for the expectation with respect to P γ .
Since the environment not only depends on the sites but also on the time, we can be more specific and say that we work with a random space-time or random dynamic environment. This is the model studied in Yoshida [12] , Hu and Yoshida [8] , and also Comets and Yoshida [3] . A natural question is to characterize the laws γ that allow the branching random walk to survive.
For (t, x) ∈ N × Z d and fixed q, we introduce the mean progeny at site (t, x): m t,x = k∈N kq t,x (k).
(1.1)
From here on, we assume that P γ (m 0,0 + m
Assumptions (1.3) are intended to avoid obvious survival and obvious extinction.
The Comets-Yoshida Theorem and the associated conjecture
The Comets-Yoshida Theorem [3] relates the survival of the BRWRE with a functional on an associated directed polymer in random environment as follows: define on a probability space (Ω S , F S , P S ) a simple symmetric random walk (S t ) t≥0 on Z d starting from S 0 = 0. The partition function of the directed polymer in random environment q is given by
with m t,x as in (1.1). It is easy to see (e.g., [12, Lemma 1.4] ) that Z t is the expectation of the number of particles of the BRWRE living at time t, knowing the random environment q = (q t,x ) (t,x)∈N×Z d . Note that (1.2), combined with the inequality | log u| ≤ u ∨ u
Moreover, 
Critical branching random walk in random environment Steif and Warfheimer [10] generalized this result to the case of the contact process in randomly evolving environment introduced by Broman [2] . We also proved in [5] that is it true for a class of dependent oriented percolations on Z d .
Remark: In Comets and Yoshida [3] , it is proved, provided that Ψ > 0, that Ψ is the asymptotic growth rate of the total population of the BRWRE when it survives. With Theorem 1.2, we get that the total population grows exponentially as soon as it survives. A similar result is proved for a class of growth models in random environment by Fukushima and Yoshida [4] .
Strategy of the proof
Recall that γ is the common law of the i. 
it is easy to see that m ρ t,x = ρm t,x , that Z ρ t = ρ t Z t , and finally 
A coupling argument (whose proof is detailed in section 3.4) implies that
where B M is the event: if the process starts with one individual at each
d contains more than M particles between time 0 and time T . Taking M , then ρ large enough, we get
Consider now γ such that P γ (survival) > 0, take ρ given by (1.5) and assume Ψ(γ) = 0.
which proves Theorem 1.2.
We focus now on the Bezuidenhout-Grimmett construction for the BRWRE. First we need to give a more precise construction of the BRWRE. In particular, we will need a FKG inequality, which we prove in the next section.
Notations and FKG inequality
The number A(x) is the number of particles sitting on site x at time t = 0. We encode the BRWRE starting from the initial configuration A by the random variables η A t = (η A t (x)) t∈N,x∈Z d which represent the number of particles living on site x at time t.
Thus,
stands for the total number of particles living at time t. To exploit the independence properties of the environment, we also need to consider the occupied sites at time t:
We denote by |η A t | the number of occupied sites at time t. We define the lifetime of the branching random walk starting from A
We say that there is survival starting from A when τ A = +∞.
In this article, the genealogy of the BRWRE is not central, and we choose a description in terms of particles systems. In the proof of the next lemma on FKG inequalities, we give a full construction of the BRWRE in the spirit of probabilistic cellular automata.
• The (D t,x,k ) (t,x,k)∈N×Z d ×N * are i.i.d and follow the uniform law on the set V = {v ∈ Z d : v 1 = 1}. The random variable D t,x,k gives the displacement of the children of the k-th particle sitting on site x at time t.
• All these variables are independent.
So we can choose Ω = P(N)
For t ≥ 1, we denote by θ t the time translation operator acting on each coordinate of Ω. We define then the number E t,x (v, p) of children born on site x at time t and moving to x + v when p particles live on x at time t:
being given, we set η 0 = A, and
We note
Note that
By induction on t ∈ N, we thus see that A → η A t (x) is non-decreasing; also for fixed A, the (η A t (x)) t∈N,x∈Z d are non-decreasing with respect to the vectors (E t,x ) t∈N,x∈Z d . As these vectors are independent, the FKG inequality holds for the (η FKG inequality, also known as the Harris inequality (see Harris [7] or Grimmett [6] ).
Truncating
To localize the events we consider, we also need truncated versions of the BRWRE:
In words, we keep in B η 
We mainly work with restrictions on subsets B = {−L, . . . , L}
d . In that case, we
3 Construction of the block event
Outline of proof
Recall that we are looking for a local event A which satisfies (C 1 ) and (C 2 ). The idea is to find an event that expresses the fact that if the branching random walk occupies a sufficiently large area at a given place, it will presumably extend itself a bit further.
Set, for every integer n ≥ 1,
Note that when n is even, A n is the maximal set that a branching random walk can reach at time n.
The next proposition ensures that starting from A n with n large enough, the BRWRE restrained to a large box {−2L − 2n, . . . , 2L + 2n} d × {0, . . . , 2T } occupies with high probability a translated copy of A n :
Proposition 3.1 provides an event A that satisfies (C 1 ). The fact that A also satisfies (C 2 ) follows from a quite standard construction of an embedded supercritical percolation of blocks. This construction does not rely on the specificities of the model. We can find in the literature many examples of similar block events. Most of these papers adapt the initial construction of the Bezuidenhout-Grimmett article [1] : The critical contact process dies out. Their proof is also exposed in the reference book by Liggett [9] .
A complete description of these procedures can be found in Steif-Warfheimer [10] in the case of a contact process where the death rate depends on a dynamical environment or in Garet-Marchand [5] for a class of dependent oriented percolation.
Some properties of the surviving branching random walk
We fix γ such that the probability of survival P γ (τ {0} = +∞) is positive. At first, we prove that survival implies the explosion of the number of particles.
Lemma 3.2. For every finite initial configuration A,
Proof. Let A be a fixed finite initial configuration, and N be a fixed positive integer. By assumption (1.3), there exist ε 0 , α 0 > 0 such that
By blocking the progenies of all living particles at time s, we see that,
By the martingale convergence theorem, lim
To exploit the independence properties of the environment, we need particles to sit on distinct sites; the fact that the number of particles at time t explodes when the BR-WRE survives does not directly ensure that the number of occupied sites also explodes. It will be a by-product of our construction, but we are not able to prove it at this stage. So we need to work separately under the two complementary assumptions: 
Proof. Let A be a fixed finite initial configuration, and N be a fixed positive integer. Under (H)
By blocking the progenies of all occupied sites at time s, we see that,
Besides, under Assumption (H c ), we prove that if we start with many particles sitting on the same site, there is a large probability that after some time many sites are occupied. We denote by (N ) the initial configuration where N particles sit on 0. Formally, we have (N ) = (N δ 0 (x)) x∈Z d .
Lemma 3.4.
Assume (H c ) is fullfilled. Let n be a fixed even integer.
Proof. Fix n ≥ 1 and α > 0. Under (H c ),
We say that the environment q is fertile in the box B n × {0, . . . , 2n} if ∀x ∈ B n ∀t ∈ {0, . . . , 2n} q x,t (N\{0}) ≥ η;
we denote this event by F . Thus, with ε and η satisfying (3.1),
We choose ε > 0 such that P γ (F ) ≥ 1−α/2, and take the corresponding η given by (3.1).
2n |F )(1 − α/2), we restrict ourselves to environments in F . For an environment q in F , each coordinate q x,t , x ∈ B n , t ∈ {0, . . . , 2n} stochastically dominates the fixed law γ 0 = ηδ 1 + (1 − η)δ 0 . Thus by coupling, it is sufficient to prove
Let now x ∈ ne 1 + A n be fixed. As x 1 ≤ 2n,
As the environment is non-random, the behavior of distinct particles are independent under P γ0 . Thus,
which proves (3.2); this ends the proof.
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Critical branching random walk in random environment A last lemma ensures that starting from A n with n large, the survival probability is large:
Proof. Denote
We know that η {x} t
⊂ η
An t holds for each n ≥ 1, t ≥ 0 and x ∈ A n . It follows that
The event ∪ x∈A∞ {τ {x} = +∞} is invariant under the spatial translation
x → x + 2e 1 , so by ergodicity, it is either null or full.
Proof. By (1.3), there exists η > 0 and ε > 0 such that
Let k be even with 2 k ≥ |A n | and let h = k + 2n. Note
..,h}| > 0. On the event G, the environment allows each individual to have more than one daughter with probability η. For an environment q in F , each coordinate q x,t , x ∈ B n , t ∈ {0, . . . , h} stochastically dominates the fixed law γ 1 = ηδ 2 + (1 − η)δ 0 , so for each event E, we have
Thus, it is sufficient to prove that
We only prove the second inequality; the first one is similar.
Under P γ1 , the probability that there is at least |A n | particles at the origin at time k whose ancesters never left {0; e 1 } is at least ( 
The other proof is similar.
From survival to local events
Lemma 3.7. For every finite A ⊂ Z d , for every positive integer N ,
Under the extra assumption (H),
Proof. Let A be a fixed finite subset of Z d , and N be a fixed positive integer.
Indeed, the inclusion ⊃ follows from positivity, and if L ≥ A ∞ + 2t + 1, then for every 
In the same way, lim
Lemma 3.3 to conclude.
Then, using the FKG inequality with a classical square root trick, we can ensure that the truncated process at time t contains many points in a prescribed orthant of Z d :
Lemma 3.8. For every positive integers n, N, t, for every integer L > n,
Proof. By the symmetries of the model and of A n , the law of the intersection of the process with a given orthant does not depend on the orthant. Applying the FKG inequality to the non increasing indicator functions of the corresponding events, we get
Critical branching random walk in random environment
First case: assume that (H) holds.
In that case, we can work with the number of occupied sites.
Let ε > 0 be fixed and 0 < δ < 1 to be chosen later. With Lemma 3.5, we first choose a positive even integer n such that
We take then h > 0 given by Lemma 3.6. Choose an integer N such that 4) and then N such that every finite subset A of Z d with cardinal N contains a subset A of N points such that ∀x, y ∈ A (x = y) =⇒ x − y ∞ ≥ 2n + 1.
Since background random variables in disjoint areas are independent, as a consequence of (3.4), we get that for every subset
Similarly, there exists M > 0 such that Thus, for any K > 1,
We set now 2δ = ε/2, and take K large enough to have (1 − r) K+1 < ε/2, and
One can see that we had to split the study into three cases and to make (not so) different proofs. This can seem odd, but we think it is unavoidable. Note for instance that there is a similar disjunction in Yao and Chen [11] .
Appendix
We enlarge our probability space and introduce the coin variables (Y t,x,k ) t≥0,x∈Z d ,k≥1 , that are independent Bernoulli variables with parameter ρ ∈ [0, 1] and are independent of every variable introduced previously. We denote by P the law on this new probability space. Define now, as previously, for t ∈ N,x ∈ Z d ,v ∈ V ,p ∈ N: Since the event in Proposition 3.1 belongs to A B,1,T ⊂ A B,M,T , the proof is complete.
